
Íàó÷íàÿ ñòàòüÿ

ÓÄÊ 539.375

DOI 10.25205/1560-750X-2025-28-3-125-145

ÄÂÎßÊÎÏÅ�ÈÎÄÈ×ÅÑÊÀß ÇÀÄÀ×À

ÍÀ��ÓÆÅÍÈß ÈÇÎÒ�ÎÏÍÎÉ

ÏËÎÑÊÎÑÒÈ, À�ÌÈ�ÎÂÀÍÍÎÉ

�ÅØÅÒÊÎÉ ÊÂÀÄ�ÀÒÍÛÕ

ÂÊËÞ×ÅÍÈÉ

Èëüÿ Ôåäîðîâè÷ Ñòàðöåâ

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â.Ëîìîíîñîâà,

Ìîñêâà, �îññèÿ

I_kotorii_I�mail.ru

Àííîòàöèÿ

Â äàííîé ðàáîòå ïðèâåäåíî ïîñòðîåíèå ðåøåíèÿ ïëîñêîé äâîÿêîïåðèî-

äè÷åñêîé çàäà÷è íàãðóæåíèÿ áåñêîíå÷íîé óïðóãîé èçîòðîïíîé ïëîñêî-

ñòè ñ ðåøåòêîé êâàäðàòíûõ âêëþ÷åíèé. Ïëîñêîñòü íàõîäèòñÿ ïîä îä-

íîé èç äâóõ íàãðóçîê: ðàñòÿãèâàåòñÿ ïîä óãëîì ê îñè X èëè èñïûòû-

âàåò ÷èñòûé ñäâèã íà áåñêîíå÷íîñòè. Ïðàâèëüíàÿ êâàäðàòíàÿ ÿ÷åéêà

ïåðèîäè÷íîñòè ñîäåðæèò îäíî êâàäðàòíîå âêëþ÷åíèå ñî ñòîðîíàìè ïåð-

ïåíäèêóëÿðíûìè ãðàíèöàì ÿ÷åéêè. �àçìåð âêëþ÷åíèÿ íàìíîãî áîëüøå

òîëùèíû ïëàñòèíû. Íàïðÿæåíèÿ íàõîäÿòñÿ âáëèçè êîíöåíòðàòîðà íà-

ïðÿæåíèé - íà ãðàíèöå âêëþ÷åíèÿ è ìàòðèöû. �åøåíèå çàäà÷è ñâîäèòñÿ

ê ïîèñêó êîìïëåêñíûõ �óíêöèé èç ãðàíè÷íûõ óñëîâèé, ïîëó÷åííûõ èç

ðàâåíñòâà íîðìàëüíûõ óñèëèé è ïåðåìåùåíèé ìàòðèöû è âêëþ÷åíèÿ,

ñ ïîìîùüþ êîí�îðìíûõ îòîáðàæåíèé è èíòåãðèðîâàíèÿ ìåòîäîì Ìó-

ñõåëèøâèëè. Âëèÿíèå íåöåíòðàëüíûõ âêëþ÷åíèé âûðàæàåòñÿ ñ ïîìî-

ùüþ ìåòîäà ìàëîãî ïàðàìåòðà. Â ðåçóëüòàòå ïîëó÷åíà ñèñòåìà ëèíåé-

íûõ àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ ðåøåíèÿ ðàññìàòðèâàåìîé äâîÿêî-

ïåðèîäè÷åñêîé çàäà÷è è íàéäåíû ðåøåíèÿ äëÿ íåñêîëüêèõ ÷àñòíûõ ñëó-

÷àåâ. �åçóëüòàò áûë ñâåðåí ñ ÷èñëåííûì ðåøåíèåì ìåòîäîì êîíå÷íûõ

ýëåìåíòîâ â ïðîãðàììíîì êîìïëåêñå Abaqus. �åøåíèå äàííîé çàäà÷è

ïðåäñòàâëÿåò ñîáîé ìîäåëèðîâàíèå íàãðóæåíèÿ âîëîêíèñòîãî êîìïîçè-

òà, ÷òî ïðèäàåò åìó âûñîêóþ àêòóàëüíîñòü. Ïî òåìå âîëîêíèñòûõ êîì-

ïîçèòîâ â ìåõàíèêå îïóáëèêîâàíî ñðàâíèòåëüíî íåáîëüøîå êîëè÷åñòâî

ðàáîò, áîëüøèíñòâî èç êîòîðûõ ïîñâÿùåíî àíàëèçó ýêñïåðèìåíòàëüíûõ

èññëåäîâàíèé èëè ÷èñëåííûõ ðåøåíèé, ïîýòîìó äàííîå àíàëèòè÷åñêîå

ðåøåíèå îáëàäàåò çíà÷èòåëüíîé íàó÷íîé öåííîñòüþ.
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Êëþ÷åâûå ñëîâà è �ðàçû

äâîÿêîïåðèîäè÷åñêàÿ çàäà÷à, êîìïëåêñíûå �óíêöèè, êîí�îðìíûå

îòîáðàæåíèÿ, ìåòîä ìàëîãî ïàðàìåòðà, èíòåãðèðîâàíèå ìåòîäîì Ìó-
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Abstra
t

This paper presents the 
onstru
tion of a solution to a plane doubly periodi


loading problem for an in�nite elasti
 isotropi
 plane with a latti
e of square

in
lusions. The plane is subje
t to one of two loads: either tension at an angle

to the X-axis or pure shear at in�nity. A regular square periodi
 
ell 
ontains

a single square in
lusion with sides perpendi
ular to the 
ell boundaries.

The size of the in
lusion is mu
h larger than the plate thi
kness. The

stresses are lo
ated near the stress 
on
entrator�at the boundary between

the in
lusion and the matrix. The solution to the problem is redu
ed to

�nding 
omplex fun
tions from the boundary 
onditions obtained from

the equality of the normal for
es and displa
ements of the matrix and

in
lusion, using 
onformal mappings and integration by Muskhelishvili's

method. The in�uen
e of non-
entral in
lusions is expressed using the small

parameter method. As a result, a system of linear algebrai
 equations was

obtained for solving the doubly periodi
 problem under 
onsideration, and

solutions were found for several spe
ial 
ases. The result was veri�ed against

a numeri
al solution using the �nite element method in the Abaqus software

pa
kage. The solution to this problem involves modeling the loading of a

�ber 
omposite, making it highly relevant. Relatively few works have been

published on the topi
 of �ber 
omposites in me
hani
s, most of whi
h are

devoted to the analysis of experimental studies or numeri
al solutions, so

this analyti
al solution has signi�
ant s
ienti�
 value.
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Ââåäåíèå

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ðåøåíèå äâîÿêîïåðèîäè÷åñêîé çàäà÷è íà-

ãðóæåíèÿ ïëîñêîñòè ñ ðåøåòêîé êâàäðàòíûõ ÿäåð. �åøåíèå, ïðèâåäåííîå

â äàííîé ðàáîòå, ñâîäèòñÿ ê äàííîìó â ðàííåé ðàáîòå [1℄. Îòëè÷èÿ çà-

êëþ÷àþòñÿ â äîïîëíèòåëüíûõ êîý��èöèåíòàõ è èõ çíà÷åíèÿõ â èòîãîâîé

ëèíåéíîé ñèñòåìå óðàâíåíèé, ÷òî ãîâîðèò îá óíèâåðñàëüíîñòè ìåòîäà è

åãî ïðèìåíèìîñòè äëÿ åù¼ áîëåå øèðîêîãî ñïåêòðà ïëîñêèõ çàäà÷ ñ ëþ-

áîé �îðìîé âêëþ÷åíèÿ è ïåðèîäè÷íîñòüþ.

Ìåòîä ðåøåíèÿ ïëîñêèõ çàäà÷ ñ èñïîëüçîâàíèåì êîìïëåêñíûõ �óíêöèé

áûë ïðåäëîæåí Ìóñõåëèøâèëè â ðàáîòå [2℄. Â ðàáîòå [3℄ ýòîò ìåòîä ïðèìå-

íÿëñÿ äëÿ àíàëèçà çàäà÷è ñ îäíèì âêëþ÷åíèåì. �åøåíèå äëÿ ïðàâèëüíûõ

ìíîãîóãîëüíûõ îòâåðñòèé áûëî äàíî Ñàâèíûì �.Í. [4℄. Â èññëåäîâàíèÿõ

[5℄ è [6℄ ðàññìàòðèâàëèñü äâîÿêîïåðèîäè÷åñêèå çàäà÷è ñ êðóãîâûìè îòâåð-

ñòèÿìè. Â ðàáîòàõ [7℄ è [8℄ è ìåòîä Ìóñõåëèøâèëè áûë èñïîëüçîâàí äëÿ

èçó÷åíèÿ ïåðèîäè÷åñêèõ çàäà÷ ñ êðèâîëèíåéíûìè îòâåðñòèÿìè. Â ðàáîòå

[9℄ äåëàåòñÿ âûâîä îá îäíîðîäíîñòè íàïðÿæåíèé äëÿ îäíîãî âêëþ÷åíèÿ.

Èíòåãðèðóÿ âñå âûøåïåðå÷èñëåííûå ïîäõîäû, áûëà ñîçäàíà íàñòîÿùàÿ ðà-

áîòà.

� 1. Ïîñòàíîâêà çàäà÷è

Äàíà áåñêîíå÷íàÿ óïðóãàÿ èçîòðîïíàÿ ïëîñêîñòü, îñëàáëåííàÿ êîíå÷-

íîé ðåøåòêîé îäèíàêîâûõ èçîòðîïíûõ êâàäðàòíûõ ÿäåð. Ñòîðîíà êâàä-

ðàòíîé ÿ÷åéêè ïåðèîäè÷íîñòè ðàâíà L, ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî ðàç-

ìåð ðåøåòêè íàìíîãî áîëüøå L. Ñòîðîíû âêëþ÷åíèÿ ðàâíû a è b. Ñòî-
ðîíàì âêëþ÷åíèÿ âûäàíî äâà ïàðàìåòðà, ÷òîáû â ñëó÷àå íåîáõîäèìîñòè

áûëà âîçìîæíîñòü ñâåñòè ðåøåíèå ê àíàëîãè÷íîé çàäà÷å ñ ýëëèïòè÷åñêè-

ìè âêëþ÷åíèÿìè. Íà ãðàíèöå âêëþ÷åíèÿ ðàäèàëüíûå è êàñàòåëüíûå íà-

ïðÿæåíèÿ è ïåðåìåùåíèÿ ÿäðà è ïëîñêîñòè ðàâíû. Íà áåñêîíå÷íîñòè äåé-

ñòâóþò ðàñòÿãèâàþùèå óñèëèÿ p ïîä óãëîì α ê îñè X è äåéñòâóåò ÷èñòûé
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�èñ. 1. Ïîñòàíîâêà çàäà÷è.

ñäâèã k.
�àññìîòðèì ÿ÷åéêó, óäàëåííóþ îò êðàÿ ðåøåòêè (ðèñ. 1); â ýòîì ñëó÷àå

íàïðÿæåííî-äå�îðìèðîâàííîå ñîñòîÿíèå ìîæíî ñ÷èòàòü ïåðèîäè÷åñêèì.

Âêëþ÷åíèå, ðàñïîëîæåííîå â ýòîé ÿ÷åéêå, íàçîâ¼ì îñíîâíûì.

Çàäà÷à î íàïðÿæ¼ííîì ñîñòîÿíèè íà ãðàíèöå ìàòðèöû è âêëþ÷åíèÿ

ñâîäèòñÿ ê îïðåäåëåíèþ êîìïëåêñíûõ ïîòåíöèàëîâ φ(z), ψ(z), φ(r)(z) è

ψ(r)(z) èç ñëåäóþùèõ ãðàíè÷íûõ óñëîâèé íà êîíòóðå îñíîâíîãî âêëþ÷å-

íèÿ [2℄, [3℄, [4℄, [5℄, [6℄, [7℄, [8℄:

φ(t) +
ω(t)

ω′(t)
φ′(t) + ψ(t) = f1 + φ(r)(t) +

ω(t)

ω′(t)
φ′(r)(t) + ψ(r)(t),

χφ(t)−
ω(t)

ω′(t)
φ′(t)− ψ(t) = f2 +

µ

µ(r)

(

χ(r)φ(r)(t)−
ω(t)

ω′(t)
φ′(r)(t)− ψ(r)(t)

)

.

(1)

Çäåñü t � êîìïëåêñíîå ÷èñëî, ñîîòâåòñòâóþùåå òî÷êå íà ãðàíèöå îñíîâ-
íîãî âêëþ÷åíèÿ, ω(t) � êîí�îðìíîå îòîáðàæåíèå âíåøíîñòè êâàäðàòíîãî

âêëþ÷åíèÿ íà âíåøíîñòü åäèíè÷íîé îêðóæíîñòè, �óíêöèè áåç èíäåêñà

(r)
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îòíîñÿòñÿ ê ìàòðèöå, �óíêöèè ñ èíäåêñîì ê âêëþ÷åíèþ, χ = 3−4ν = λ+3µ
λ+µ

,

ν � êîý��èöèåíò Ïóàññîíà, λ è µ � ïàðàìåòðû Ëàìå, à �óíêöèè f1, f2 �
óñëîâèÿ íà áåñêîíå÷íîñòè [2℄:

f1 = −
p

4

(

t +
t +m1/t +m3/t

3

(1− t2m1 − 3t4m3)

)

+
pe2iα − 2ik

2t
,

f2 = −
p

4

(

χt−
t+m1/t+m3/t

3

(1− t2m1 − 3t4m3)

)

−
pe2iα − 2ik

2t
,

(2)

ãäå m1 è m3 - ïàðàìåòðû êîí�îðìíîãî îòîáðàæåíèÿ, îïèñàííîãî â ñëåäó-

þùåé ÷àñòè.

Íàïðÿæåíèÿ íàõîäÿòñÿ èç ýòèõ êîìïëåêñíûõ �óíêöèé ïî �îðìóëàì

Êîëîñîâà-Ìóñõåëèøâèëè.

σxx + σyy = p + 4Reφ′(z),

σyy − σxx + 2iσxy = −pe2iα + 2ik + 2(zφ′′(z) + ψ′(z)).
(3)

� 2. Êîí�îðìíîå îòîáðàæåíèå ïëîñêîñòè ñ

êâàäðàòíûìè âêëþ÷åíèÿìè.

Ïóñòü ζns � êîîðäèíàòû òî÷êè, ñîîòâåòñòâóþùåé ñèñòåìå êîîðäèíàò,

ðàñïîëîæåííîé â öåíòðå âêëþ÷åíèÿ ñ öåíòðîì â òî÷êå (nL, sL) è ïðè

n = 0, s = 0 ñîîòâåòñòâóþùåé ñèñòåìå êîîðäèíàò îñíîâíîãî âêëþ÷åíèÿ.

Ôóíêöèÿ, êîí�îðìíî îòîáðàæàþùàÿ âíåøíîñòü êâàäðàòíîãî âêëþ÷å-

íèÿ ñî ñêðóãëåííûìè óãëàìè è öåíòðîì â òî÷êå (nL, sL) íà âíåøíîñòü

åäèíè÷íîãî êðóãà, èìååò âèä [8℄:

z + L(n + is) = R(ζns +m1ζ
−1
ns +m3ζ

−3
ns ), (4)

ãäå R = a+b
2
.

Äëÿ êâàäðàòíîãî âêëþ÷åíèÿ ñ ðàäèóñîì êðèâèçíû 15: m1 = 0, m3 = −
1
9
.

Äëÿ ýëëèïòè÷åñêîãî âêëþ÷åíèÿ: m1 ∈ [0, 1], m3 = 0, è â ÷àñòíîñòè äëÿ

êðóãîâîãî m1 = 0.

Áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ñ÷èòàòü R = 1. Òàêèì îáðàçîì, ìû

ïðîèçâåëè îáåçðàçìåðèâàíèå, è ïåðåìåííûå, èìåþùèå ðàçìåðíîñòü äëèíû,

áóäóò èçìåðÿòüñÿ ïî îòíîøåíèþ ê ïîëóñóììå ñòîðîí âêëþ÷åíèÿ.
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� 3. Ìàëûé ïàðàìåòð.

Ïðèâåäåì óðàâíåíèå (4) ê ñëåäóþùåìó âèäó:

1

ζns
=

1

L(n + is)
(R−

z

ζns
+
m1R

ζ2ns
+
m3R

ζ4ns
).

(5)

Ââåäåì ìàëûé ïàðàìåòð ε = R
L
. Îí ïðèíèìàåò çíà÷åíèÿ îò 0 äî 0.5.

�àçëîæèì ζ−1
ns ïî ñòåïåíÿì ε äî 4-é ñòåïåíè, ïðèíÿâ R = 1:

1

ζns
=

ε

(n+ is)

(

1−
z

ζns
+
m1

ζ2ns
+
m3

ζ4ns

)

= a0 + a1ε+ a2ε
2 + a3ε

3 + a4ε
4.

(6)

Ïîäñòàâèì óðàâíåíèå (5) è (6), óòî÷íèâ, ÷òî a0 íå âëèÿåò íà ðåøåíèå
è åãî ìîæíî ïðèðàâíÿòü íóëþ, è òîãäà ïîëó÷èì ñëåäóþùåå:

a0 = 0, a1 =
1

(n+ is)
,

a2 = −
z

(n + is)2
, a3 =

z2 +m1

(n+ is)3
,

a4 = −
3m1z + z3

(n+ is)4
.

(7)

� 4. �åøåíèå êðàåâîé çàäà÷è.

Èçâåñòíûé ðåçóëüòàò ðàáîòû Ýøåëáè [9℄, ÷òî äëÿ îäíîãî âêëþ÷åíèÿ

åãî íàïðÿæåíèÿ åñòü ïîñòîÿííàÿ âåëè÷èíà, è êîìïëåêñíûå �óíêöèè ëè-

íåéíû ïî z. Ïîýòîìó äëÿ äàííîé çàäà÷è �óíêöèè íàïðÿæåíèé îñíîâíîãî

âêëþ÷åíèÿ ðàçëîæèì â ñòåïåííîé ðÿä äî ñëåäóþùåé íåíóëåâîé ñòåïåíè,

òî åñòü ââèäó ñèììåòðèè çàäà÷è äî 3-îãî ÷ëåíà:

φ(r)(z) = A
(r)
1 z + A

(r)
3 z3,

ψ(r)(z) = B
(r)
1 z +B

(r)
3 z3.

(8)
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Èñêîìûå �óíêöèè φ(z) è ψ(z) èç óðàâíåíèÿ (1) ðàçëîæèì â ðÿä ïî

ñòåïåíÿì ζns:

φ(z) =

∞
∑

n=−∞

∞
∑

s=−∞

∞
∑

k=1

akζ
−k
ns =

∞
∑

k=1

akζ
−k +

∞
∑

n∗=−∞

∞
∑

s∗=−∞

∞
∑

k=1

akζ
−k
ns ,

ψ(z) =
∞
∑

k=1

bkζ
−k +

∞
∑

n∗=−∞

∞
∑

s∗=−∞

∞
∑

k=1

bkζ
−k
ns ,

(9)

çäåñü ζ = ζ00, è çíàê * îçíà÷àåò îòñóòñòâèå â ñóììå íîìåðà n∗ = 0, s∗ = 0.
Ïîäñòàâèì óðàâíåíèå (7) â óðàâíåíèå (9), ãäå ââèäó ñèììåòðèè çàäà÷è

êîý��èöèåíòû ïðè ÷åòíûõ ñòåïåíÿõ z ðàâíû íóëþ:

φ(z) = φ∗(ζ) + ε2l2(z) + ε4l4(z),

ψ(z) = ψ∗(ζ) + ε2p2(z) + ε4p4(z),
(10)

ãäå

φ∗(ζ) =

∞
∑

k=1

akζ
−k, ψ∗(ζ) =

∞
∑

k=1

bkζ
−k,

l2 = −

∞
∑

n∗=−∞

∞
∑

s∗=−∞

1

(n+ is)2
za1 = k2za1,

p2 = −

∞
∑

n∗=−∞

∞
∑

s∗=−∞

1

(n+ is)2
zb1 = k2zb1,

l4 = −

∞
∑

n∗=−∞

∞
∑

s∗=−∞

1

(n+ is)4
(a1z

3 + 3z(a3 +m1a1)) =

= k4(a1z
3 + 3z(a3 +m1a1)),

p4 = −

∞
∑

n∗=−∞

∞
∑

s∗=−∞

1

(n+ is)4
(b1z

3 + 3z(b3 +m1b1)) =

= k4(b1z
3 + 3z(b3 +m1b1)).

(11)

Íèæå äâîéíûå ðÿäû ïîñ÷èòàíû äëÿ 106 ÷ëåíîâ â ïðîãðàììíîì êîì-

ïëåêñå Wolfram Mathemati
a:

k2 =
∞
∑

n∗=−∞

∞
∑

s∗=−∞

1

(n+ is)2
= 0,

k4 =
∞
∑

n∗=−∞

∞
∑

s∗=−∞

1

(n+ is)4
= 3.151.

(12)
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Äîêàæåì ñõîäèìîñòü ýòèõ ðÿäîâ. Äëÿ ïåðâîãî äâîéíîãî ðÿäà ëåãêî ïî-

êàçàòü, ÷òî äëÿ êàæäîãî ÷ëåíà ðÿäà ñóùåñòâóåò ïàðíûé åìó îòðèöàòåëü-

íûé ÷ëåí ðÿäà, è ïîýòîìó ñóììà ñõîäèòñÿ ê íóëþ. Ïîêàæåì àáñîëþòíóþ

ñõîäèìîñòü âòîðîãî ðÿäà. Ìîäóëü îáùåãî ÷ëåíà ðàâåí:

∣

∣

∣

1

(n+ is)4

∣

∣

∣
=

1

(n2 + s2)2
.

(13)

�àçîáüåì ðÿä íà ÷àñòè:

∞
∑

n∗=−∞

∞
∑

s∗=−∞

1

(n2 + s2)2
= 4

∞
∑

n=1

∞
∑

s=1

1

(n2 + s2)2
+ 4

∞
∑

n=1

1

n4
=

= 4

∞
∑

n=1

∞
∑

s=1

1

(n2 + s2)2
+

2π4

45
.

(14)

Âîñïîëüçóåìñÿ èíòåãðàëüíûì ïðèçíàêîì, ïåðåéäåì â ïîëÿðíûå êîîð-

äèíàòû n = r cos θ, s = r sin θ è ðàñøèðèì îáëàñòü äî r ∈ [1,+∞], θ ∈ [0, π
2
].

Òîãäà ïîëó÷àåì ñëåäóþùåå:

∫

∞

n=1

∫

∞

s=1

1

(n2 + s2)2
dnds ≤

∫ π/2

θ=0

∫

∞

r=1

1

r4
rdrdθ =

π

4
. (15)

Òàêèì îáðàçîì, äâîéíîé ðÿä

∑

∞

n∗=−∞

∑

∞

s∗=−∞

1
(n+is)4

àáñîëþòíî ñõîäèò-

ñÿ.

Â èòîãå, ãðàíè÷íûå óñëîâèÿ (1) äëÿ êîíòóðà îñíîâíîãî âêëþ÷åíèÿ ïå-

ðåïèøåì ñ ó÷¼òîì (8) è (10):

1)φ∗(t) +
ω(t)

ω′(t)
φ′∗(t) + ψ∗(t) = −

p

4

(

t+
t+m1/t+m3/t

3

(1− t2m1 − 3t4m3)

)

+

+
pe2iα − 2ik

2t
+ A∗

−5t
−5 + A∗

−3t
−3 + A∗

−1t
−1 + A∗

1t+ A∗

3t
3 + A∗

5t
5,

2)χφ∗(t)−
ω(t)

ω′(t)
φ′∗(t)− ψ∗(t) = −

p

4

(

χt−
t+m1/t+m3/t

3

(1− t2m1 − 3t4m3)

)

−

−
pe2iα − 2ik

2t
+ A∗∗

−5t
−5 + A∗∗

−3t
−3 + A∗∗

−1t
−1 + A∗∗

1 t+ A∗∗

3 t
3 + A∗∗

5 t
5,

(16)

ãäå A∗

−5, A
∗

−3, A
∗

−1, A
∗

1, A
∗

3, A
∗

5, A
∗∗

−5, A
∗∗

−3, A
∗∗

−1, A
∗∗

1 , A
∗∗

3 , A
∗∗

5 êîý��èöèåíòû ïðè

ñòåïåíÿõ t (çíà÷åíèå îïóùåíî).
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Èç ãðàíè÷íîãî óñëîâèÿ (16) ìåòîäîì Í.È. Ìóñõåëèøâèëè [2℄ íàéä¼ì:

φ∗(t) =
(pe2iα − 2ik

2
−m1

p

4

)1

t
+
(

m3
p

4

) 1

t3
+ A∗

−1

1

t
+ A∗

−3

1

t3
+ A∗

−5

1

t5
,

χφ∗(t) =
(

−
pe2iα − 2ik

2
+m1

p

4

)1

t
+
(

m3
p

4

) 1

t3
+ A∗∗

−1

1

t
+ A∗∗

−3

1

t3
+ A∗∗

−5

1

t5
,

ψ∗(t) = −
p

4

(1

t
+

3(m1m3)t + (1 +m2
1 + 3m2

3)t
3 +m1m3t

5

t4 −m1t2 − 3m3

)

−

−
t3(1 +m1t

2 +m3t
4)

t4 −m1t2 − 3m3

φ′∗ + A∗

1

1

t
+ A∗

3

1

t3
+ A∗

5

1

t5
,

ψ∗(t) =
p

4

(

χ
1

t
−

3(m1m3)t+ (1 +m2
1 + 3m2

3)t
3 +m1m3t

5

t4 −m1t2 − 3m3

)

−

−
t3(1 +m1t

2 +m3t
4)

t4 −m1t2 − 3m3
φ′∗ + A∗∗

1

1

t
+ A∗∗

3

1

t3
+ A∗∗

5

1

t5
.

(17)

Âûðàæåíèå

1
t4−m1t2−3m3

ïðåäñòàâèì â âèäå ðÿäà, îãðàíè÷èâøèñü ïåðâû-

ìè ÷åòûðüìÿ ÷ëåíàìè:

1

t4 −m1t2 − 3m3
=

1

t4
+
m1

t6
+
m2

1 + 3m3

t8
+
m3

1 + 6m1m3

t10
. (18)

Òàêèì îáðàçîì, ïîäñòàâëÿåì (18) â (17), ïðèðàâíèâàåì êîý��èöèåíòû

ïðè îäèíàêîâûõ ñòåïåíÿõ t â ëåâîé è ïðàâîé ÷àñòè è òîãäà ïîëó÷àåì, ÷òî

êîý��èöèåíòû a1, b1, a3, b3, A
(r)
1 , A

(r)
3 , B

(r)
1 , B

(r)
3 îïðåäåëÿþòñÿ èç ñëåäóþùåé

àëãåáðàè÷åñêîé ñèñòåìû:

1)a1(1−m1ε
2k2 + (−6m2

1 − 3m3)ε
4k4) + a1(−m1ε

2k2 − 3(1 + 3m2
1 +m2

1m3+

+ 2m2
3)ε

4k4) + a3(−3m1ε
4k4) + a3(−3m1ε

4k4) + b1(−ε
2k2 − 6m1ε

4k4)+

+ b3(−3ε4k4) + A
(r)
1 (−m1) + A

(r)
1 (−m1) + A

(r)
3 (−3(m2

1 +m3)) + A
(r)
3 (−3−

− 6m2
1 − 3m2

1m3 − 6m2
3) + A

(r)
5 (−10m3

1 − 20m1m3) + A
(r)
5 (−20m1 − 30m3

1−

− 20m1m3 − 20m3
1m3 − 60m1m

2
3) +B

(r)
1 (−1) +B

(r)
3 (−3m1) +B

(r)
5 (−10m2

1−

− 5m3) = −
m1p

4
+

−2ik + pe2iα

2
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2)a1(−m3ε
2k2 + (−m3

1 − 9m1m3)ε
4k4) + a1(−m3ε

2k2 + (−3m1−

− 9m1m3)ε
4k4) + a3(1− 3m3ε

4k4) + a3(−3m3ε
4k4) + b1(−ε

4k4)+

+ A
(r)
1 (−m3) + A

(r)
1 (−m3) + A

(r)
3 (−m3

1 − 6m1m3) + A
(r)
3 (−3(m1 + 2m1m3))+

+ A
(r)
5 (−5m4

1 − 30m2
1m3 − 10m2

3) + A
(r)
5 (−5− 20m2

1 − 30m2
1m3 − 20m2

3)+

+B
(r)
3 (−1) +B

(r)
5 (−5m1) = −

m3p

4

3)a1((−3m2
1m3 − 3m2

3)ε
4k4) + a1((−3m3)ε

4k4) + a5 + a5 + A
(r)
3 (−3(m2

1m3+

+m2
3)) + A

(r)
3 (−3m3) + A

(r)
5 (−m5

1 − 20m3
1m3 − 30m1m

2
3) + A

(r)
5 (−5m1−

− 20m1m3) +B
(r)
5 (−1) = 0

4)a1(−m1 −m1m3 − ε2k2 + ε4k4(−9m1 − 3m3
1 − 6m1m3 − 6m1m

2
3))+

+ a1(−ε
2k2 − 6ε4k4m1) + a3(−3m3 − 3ε4k4) + a3(−3ε4k4) + b1(1− ε2k2m1+

+ ε4k4(−6m2
1 − 3m3)) + b3(−3ε4k4m1)− A

(r)
1 −A

(r)
1 + A

(r)
3 (−3(2m1 +m3

1+

+ 2m1m3 + 2m1m
2
3)) + A

(r)
3 (−3m1) + A

(r)
5 (−30m2

1 − 20m4
1 − 20m3−

− 60m2
1m3 − 5m4

1m3 − 60m2
1m

2
3 − 30m3

3) + A
(r)
5 (−10m2

1 − 5m3)+

+B
(r)
1 (−m1) +B

(r)
3 (−3(m2

1 +m3)) +B
(r)
5 (−10m3

1 − 20m1m3) =

= −
p

4
(2 +m2

1 +m3(m
2
1 + 3m3))

5)a1(−1−m2
1 −m3(m

2
1 + 3m3) + ε4k4(−3m2

1 − 6m3 − 6m2
1m3 − 3m3

3))+

+ a1(−ε
4k4) + a3(−3m1 − 3m1m3) + a5(−5m3) + b1(−ε

2k2m3 + ε4k4(−m
3
1−

− 9m1m3)) + b3(1− 3ε4k4m3) + A
(r)
3 (−3(m2

1 + 2m3 + 2m2
1m3 +m3

3))+

+ A
(r)
3 (−1) + A

(r)
5 (−20m3

1 − 5m5
1 − 60m1m3 − 60m3

1m3 − 30m1m
2
3−

− 20m3
1m

2
3 − 60m1m

3
3) + A

(r)
5 (−5m1) +B

(r)
1 (−m3) +B

(r)
3 (−m3

1 − 6m1m3)+

+B
(r)
5 (−5m4

1 − 30m2
1m3 − 10m2

3) =

= −
p

4
(m1 +m1(m

2
1 + 3m3) +m3(m

3
1 + 6m1m3))
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6)a1(−m1 −m1(m
2
1 + 3m3)−m3(m

3
1 + 6m1m3) + ε4k4(−6m1m3 − 3m1m

2
3))+

+ a3(−3− 3m2
1 − 3m3(m

2
1 + 3m3)) + a5(−5m1 − 5m1m3)+

+ b1(ε
4k4(−3m2

1m3 − 3m2
3)) + b5 + A

(r)
3 (−3(2m1m3 +m1m

2
3))−A

(r)
5 +

+B
(r)
3 (−3(m2

1m3 +m2
3)) +B

(r)
5 (−m5

1 − 20m3
1m3 − 30m1m

2
3) =

= −
p

4
(m2

1 + 3m3 +m1(m
3
1 + 6m1m3) +m3(m

4
1 + 9m2

1m3 + 9m2
3))

7)a1(κ(1−m1ε
2k2 + (−6m2

1 − 3m3)ε
4k4) + a1(m1ε

2k2 + 3(1 + 3m2
1 +m2

1m3+

+ 2m2
3)ε

4k4)) + a3(κ(−3m1ε
4k4)) + a3(3m1ε

4k4) + b1(ε
2k2 + 6m1ε

4k4)+

+ b3(3ε
4k4) + A

(r)
1 (−

µ

µ(r)
κ

(r)m1) + A
(r)
1 (

µ

µ(r)
m1) + A

(r)
3 (

µ

µ(r)
κ

(r)(−3m2
1−

− 3m3)) + A
(r)
3 (

µ

µ(r)
(3 + 6m2

1 + 3m2
1m3 + 6m2

3)) + A
(r)
5 (

µ

µ(r)
κ

(r)(−10m3
1−

− 20m1m3)) + A
(r)
5 (

µ

µ(r)
(20m1 + 30m3

1 + 20m1m3 + 20m3
1m3 + 60m1m

2
3))+

+B
(r)
1 (

µ

µ(r)
) +B

(r)
3 (

µ

µ(r)
3m1) +B

(r)
5 (

µ

µ(r)
(10m2

1 + 5m3)) =

=
pm1

4
−

−2ik + pe2iα

2

8)a1(κ(−m3ε
2k2 + (−m3

1 − 9m1m3)ε
4k4)) + a1(m3ε

2k2 + (3m1+

+ 9m1m3)ε
4k4) + a3(κ(1− 3m3ε

4k4)) + a3(3m3ε
4k4) + b1(ε

4k4)+

+ A
(r)
1 (−

µ

µ(r)
κ

(r)m3) + A
(r)
1 (

µ

µ(r)
m3) + A

(r)
3 (

µ

µ(r)
κ

(r)(−m3
1 − 6m1m3))+

+ A
(r)
3 (

µ

µ(r)
3(m1 + 2m1m3)) + A

(r)
5 (

µ

µ(r)
κ

(r)(−5m4
1 − 30m2

1m3 − 10m2
3))+

+ A
(r)
5 (

µ

µ(r)
(5 + 20m2

1 + 30m2
1m3 + 20m2

3)) +B
(r)
3 (

µ

µ(r)
) +B

(r)
5 (

µ

µ(r)
5m1) =

=
pm3

4

9)a1(κ((−3m2
1m3 − 3m2

3)ε
4k4) + a1((3m3)ε

4k4) + a5(κ)+

+ A
(r)
3 (

µ

µ(r)
κ

(r)(−3m2
1m3 − 3m2

3)) + A
(r)
3 (

µ

µ(r)
(3m3)) + A

(r)
5 (

µ

µ(r)
κ

(r)(−m5
1−

− 20m3
1m3 − 30m1m

2
3)) + A

(r)
5 (

µ

µ(r)
(5m1 + 20m1m3)) +B

(r)
5 (

µ

µ(r)
) = 0
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10)a1(−m1 −m1m3 − ε2k2 − ε4k4(9m1 + 3m3
1 + 6m1m3 + 6m1m

2
3))+

+ a1(κ(ε
2k2 + 6ε4k4m1)) + a3(−3m3 − 3ε4k4) + a3(κ(3ε

4k4)) + b1(1−

ε2k2m1 − ε4k4(6m
2
1 + 3m3)) + b3(−3ε4k4m1) + A

(r)
1 (−

µ

µ(r)
) + A

(r)
1 (

µ

µ(r)
κ

(r))+

+ A
(r)
3 (

µ

µ(r)
(−3(2m1 +m3

1 + 2m1m3 + 2m1m
2
3))) + A

(r)
3 (

µ

µ(r)
κ

(r)3m1)+

+ A
(r)
5 (

µ

µ(r)
(−5(6m2

1 + 4m4
1 + 4m3 + 12m2

1m3 +m4
1m3 + 12m2

1m
2
3 + 6m3

3)))+

+ A
(r)
5 (

µ

µ(r)
κ

(r)5(2m2
1 +m3))) +B

(r)
1 (−

µ

µ(r)
m1) +B

(r)
3 (

µ

µ(r)
(−3(m2

1 +m3)))+

+B
(r)
5 (

µ

µ(r)
(−5(2m3

1 + 4m1m3))) =
p

4
(−1 + κ −m2

1 −m3(m
2
1 + 3m3))

11)a1(−1−m2
1 −m3(m

2
1 + 3m3)− ε4k4(3m

2
1 + 6m3 + 6m2

1m3 + 3m3
3))+

+ a1(κ(ε
4k4)) + a3(−3m1 − 3m1m3) + a5(−5m3) + b1(−ε

2k2m3 − ε4k4(m
3
1+

+ 9m1m3)) + b3(1− 3ε4k4m3) + A
(r)
3 (−

µ

µ(r)
3(m2

1 + 2m3 + 2m2
1m3 +m3

3))+

+ A
(r)
3 (

µ

µ(r)
κ

(r)) + A
(r)
5 (−

µ

µ(r)
5(4m3

1 +m5
1 + 12m1m3 + 12m3

1m3 + 6m1m
2
3+

+ 4m3
1m

2
3 + 12m1m

3
3)) + A

(r)
5 (

µ

µ(r)
κ

(r)5m1) +B
(r)
1 (−

µ

µ(r)
m3)+

+B
(r)
3 (−

µ

µ(r)
(m3

1 + 6m1m3)) +B
(r)
5 (−

µ

µ(r)
5(m4

1 + 6m2
1m3 + 2m2

3)) =

=
p

4
(−m1 −m1(m

2
1 + 3m3)−m3(m

3
1 + 6m1m3))

12)a1(−m1 −m1(m
2
1 + 3m3)−m3(m

3
1 + 6m1m3)− ε4k4(6m1m3 + 3m1m

2
3))+

+ a3(−3 − 3m2
1 − 3m3(m

2
1 + 3m3)) + a5(−5m1 − 5m1m3)+

+ b1(−ε
4k4(3m

2
1m3 + 3m2

3)) + b5 + A
(r)
3 (−

µ

µ(r)
3(2m1m3 +m1m

2
3))+

+ A
(r)
5 (−

µ

µ(r)
5(m4

1 + 12m2
1m3 + 4m4

1m3 + 6m2
3 + 12m2

1m
2
3 + 6m2

1m
3
3 + 4m4

3)+

+ A
(r)
5 (

µ

µ(r)
κ

(r)) +B
(r)
3 (−

µ

µ(r)
3(m2

1m3 +m2
3)) +B

(r)
5 (−

µ

µ(r)
(m5

1 + 20m3
1m3+

+ 30m1m
2
3)) =

=
p

4
(−m2

1 − 3m3 −m1(m
3
1 + 6m1m3)−m3(m

4
1 + 9m2

1m3 + 9m2
3))

(19)
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Ñèñòåìà ðåøàëàñü äëÿ ÷àñòíûõ ñëó÷àåâ ñ 1-2-3 ïåðåìåííûìè â ïðî-

ãðàììíîì êîìïëåêñå Wolfram Mathemati
a.

Âûøå ïðèâåäåííàÿ ñèñòåìà òàêæå ïîäõîäèò äëÿ äâîÿêîïåðèîäè÷åñêèõ

çàäà÷ ñ îòâåðñòèÿìè, òîãäà ñëåäóåò çàíóëèòü êîý��èöèåíòû ñ èíäåêñîì

(r)
, è íåïåðèîäè÷åñêîé çàäà÷è ñ îäíèì êîíöåíòðàòîðîì íàïðÿæåíèé, òî-

ãäà íåîáõîäèìî çàíóëèòü k2 è k4. Ïîìèìî ýòîãî, å¼ ìîæíî èñïîëüçîâàòü

äëÿ çàäà÷ ñ êðóãëûìè îòâåðñòèÿìè èëè âêëþ÷åíèÿìè, çàíóëÿÿ m1 è m3,

è çàäà÷ ñ óçêèìè ùåëÿìè, ïðèðàâíÿâ m1 ê åäèíèöå, è çàíóëèâ m3 è êî-

ý��èöèåíòû ñ èíäåêñîì r. Òàêæå, âàðüèðóÿ çíà÷åíèÿ k2, k4 è ε, ìîæíî
ïîëó÷èòü ñèñòåìó äëÿ èíûõ òèïîâ óïàêîâêè âêëþ÷åíèé.

�åçóëüòàò ñâåðåí ñî ñïðàâî÷íèêîì [10℄ ñòð. 178 Ôèã. 119 äëÿ ñëó÷àÿ

êðóãëûõ îòâåðñòèé. Íèæå íà ðèñ. 2 ïðèâåä¼í ñðàâíèòåëüíûé ãðà�èê äëÿ

äâîÿêîïåðèîäè÷åñêîé çàäà÷è ñ êðóãëûìè îòâåðñòèÿìè è êâàäðàòíîé ÿ÷åé-

êîé ïåðèîäè÷íîñòè ðàñòÿæåíèÿ p ïî îñè y çàâèñèìîñòè êîý��èöèåíòà êîí-
öåíòðàöèé íàïðÿæåíèé K îò îòíîøåíèÿ ðàññòîÿíèÿ ìåæäó ñîñåäíèìè îò-

âåðñòèÿìè ê ðàññòîÿíèþ ìåæäó èõ öåíòðàìè. Ñïëîøíîé ëèíèåé îáîçíà÷åí

ðåçóëüòàò äàííîé ðàáîòû, à ïóíêòèðíîé ïðèìåðíûé ãðà�èê èç ñïðàâî÷-

íèêà.

�èñ. 2. Ñðàâíèòåëüíûé ãðà�èê êîý��èöèåíòà êîíöåíòðàöèé íàïðÿæåíèé

�åçóëüòàò ñâåðåí ñ ðåøåíèåì â ïðîãðàììíî-âû÷èñëèòåëüíîì êîìïëåê-

ñå Abaqus. Ñåòêà ðàçáèåíèÿ, ãðàíè÷íûå óñëîâèÿ è íàãðóçêè ïîêàçàíû íà

ðèñ. 3 è ðèñ. 4. Âêëþ÷åíèå è ìàòðèöà ñîåäèíåíû ñ ïîìîùüþ èíñòðóìåíòà

T ie. Ëåâàÿ ãðàíü çà�èêñèðîâàíà ïî îñè X , íà ïðàâîé äåéñòâóåò åäèíè÷íîå

ðàñòÿæåíèå ïî îñè X . Ââèäó îãðàíè÷åíèé ðàñ÷åòíîãî êîìïëåêñà, ðàññìàò-

ðèâàëîñü ÷èñëî âêëþ÷åíèé 5x5.
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�èñ. 3. �ðàíè÷íûå óñëîâèÿ è íàãðóçêè â Abaqus.

�èñ. 4. Ñåòêà ðàçáèåíèÿ â Abaqus.

Íèæå íà ðèñ. 5-10 ïðèâåäåíû ñðàâíèòåëüíûå ãðà�èêè íàïðÿæåíèé íà

ãðàíèöå îñíîâíîãî âêëþ÷åíèÿ îò îòíîøåíèÿ ðàññòîÿíèÿ ìåæäó âêëþ÷å-
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íèÿìè d ê ñòîðîíå êâàäðàòà a=1 â òî÷êàõ 0 è π/2, ãäå ïóíêòèðíîé ëè-

íèåé îáîçíà÷åíî ÷èñëåííîå ðåøåíèå â Abaqus, à ñïëîøíîé � àíàëèòè÷å-

ñêîå ðåøåíèå äàííîé ðàáîòû. Îòíîøåíèå ìîäóëåé óïðóãîñòè âêëþ÷åíèÿ

è ìàòðèöû ðàâíî 100, êîý��èöèåíò Ïóàññîíà äëÿ âêëþ÷åíèÿ è ìàòðèöû

ðàâåí 0.3. Ñèñòåìà êîîðäèíàò (x, y) ñâÿçàíà ñ ñèñòåìîé (r, θ) ïî �îðìóëå
x = r cos θ, y = r sin θ, ãäå r = 1 íà ãðàíèöå âêëþ÷åíèÿ ââèäó îòîáðàæåíèÿ
íà âíåøíîñòü åäèíè÷íîé îêðóæíîñòè.

Íà �èñ. 5-7 ïîêàçàíû íîðìàëüíûå íàïðÿæåíèÿ, îäèíàêîâûå äëÿ ìàòðè-

öû è âêëþ÷åíèÿ σrr, îêðóæíûå íàïðÿæåíèÿ âêëþ÷åíèÿ σθθR è îêðóæíûå

íàïðÿæåíèÿ ìàòðèöû σθθM â òî÷êå θ = 0 ñîîòâåòñòâåííî. Íà �èñ. 8-10 ïî-
êàçàíû íîðìàëüíûå íàïðÿæåíèÿ, îäèíàêîâûå äëÿ ìàòðèöû è âêëþ÷åíèÿ,

σrr, îêðóæíûå íàïðÿæåíèÿ âêëþ÷åíèÿ σθθR è îêðóæíûå íàïðÿæåíèÿ ìàò-

ðèöû σθθM â òî÷êå θ = π
2
ñîîòâåòñòâåííî.

0 1 2 3 4 5 6
d0.0

0.5

1.0

1.5

2.0

srr

�èñ. 5. Íîðìàëüíûå íàïðÿæåíèÿ σrr â òî÷êå θ = 0.
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d
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-1

0

1

2

sttR

�èñ. 6. Îêðóæíûå íàïðÿæåíèÿ âêëþ÷åíèÿ σθθR â òî÷êå θ = 0.
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�èñ. 7. Îêðóæíûå íàïðÿæåíèÿ ìàòðèöû σθθM â òî÷êå θ = 0.
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�èñ. 8. Íîðìàëüíûå íàïðÿæåíèÿ σrr â òî÷êå θ =
π
2
.
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�èñ. 9. Îêðóæíûå íàïðÿæåíèÿ âêëþ÷åíèÿ σθθR â òî÷êå θ = π
2
.
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0 1 2 3 4 5 6
d0.0

0.2

0.4

0.6

0.8

1.0

sttM

�èñ. 10. Îêðóæíûå íàïðÿæåíèÿ ìàòðèöû σθθM â òî÷êå θ = π
2
.

Èç ïðåäñòàâëåííûõ ãðà�èêîâíà ðèñ. 6-10 ìîæíî ñäåëàòü âûâîä î ñõîäè-

ìîñòè â ïåðâîì ïðèáëèæåíèè ñ îòíîñèòåëüíîé ïîãðåøíîñòüþ îêîëî 10%.

Îòêëîíåíèÿ ìîãóò áûòü îáóñëîâëåíû îãðàíè÷åíèÿìè ÷èñëåííîé ìîäåëè.

Òàêæå ðåçóëüòàò íàñòîÿùåé ðàáîòû áûë ñîïîñòàâëåí ñ àíàëèòè÷åñêèì

ðåøåíèåì äëÿ îäíîãî ýëëèïòè÷åñêîãî âêëþ÷åíèÿ: m1 = 0.5, m3 = 0, ïðåä-
ñòàâëåííûì â ðàáîòå [3℄. Ñîâïàäåíèå îêàçàëîñü ïîëíûì, è ïîýòîìó íå òðå-

áóåò ñðàâíèòåëüíîãî ãðà�èêà. Ýòî îáúÿñíÿåòñÿ ïðèìåíåíèåì ñõîæåãî ìå-

òîäà ðåøåíèÿ, à òàêæå òåì ÷òî äëÿ ñëó÷àÿ îäíîãî âêëþ÷åíèÿ ìàëûé ïà-

ðàìåòð ε â äàííîé ðàáîòå ðàâåí íóëþ.

� 5. Çàêëþ÷åíèå.

Â ðàìêàõ äàííîãî èññëåäîâàíèÿ ðàçðàáîòàíî àíàëèòè÷åñêîå ðåøåíèå

ïëîñêîé äâîÿêîïåðèîäè÷åñêîé çàäà÷è íàãðóæåíèÿ áåñêîíå÷íîé óïðóãîé

èçîòðîïíîé ïëîñêîñòè ñ ðåøåòêîé êâàäðàòíûõ âêëþ÷åíèé. Ïðåäëîæåííûé

ïîäõîä ý��åêòèâíî ó÷èòûâàåò âàæíûå ïàðàìåòðû, òàêèå êàê �îðìà âî-

ëîêíà, óïàêîâêà êîìïîçèòà è ñîîòíîøåíèå ñâîéñòâ ìàòðèöû è âîëîêîí, ÷òî

äåëàåò åãî óíèâåðñàëüíûì äëÿ ïðèìåíåíèÿ ê àíàëîãè÷íûì çàäà÷àì.

�åçóëüòàòû àíàëèòè÷åñêîãî ðåøåíèÿ áûëè ñîïîñòàâëåíû ñ ðåçóëüòàòà-

ìè áîëåå ïðîñòûõ ñëó÷àåâ êðóãîâûõ îòâåðñòèé è ýëëèïòè÷åñêîãî âêëþ-

÷åíèÿ, à òàêæå ñ ðåçóëüòàòàìè ÷èñëåííîãî ìîäåëèðîâàíèÿ â ïðîãðàììå
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Abaqus. Ñðàâíèòåëüíûé àíàëèç ñ ÷èñëåííûì ðåøåíèåì ïîêàçàë ñîîòâåò-

ñòâèå â ïåðâîì ïðèáëèæåíèè, ïîäòâåðæäàÿ ïðàâèëüíîñòü ïðåäëîæåííîé

àíàëèòè÷åñêîé ìîäåëè. �àñõîæäåíèÿ ìîæíî îáîñíîâàòü âîçäåéñòâèåì �àê-

òîðîâ, íå îòðàæ¼ííûõ â ÷èñëåííîé ìîäåëè, îäíàêî ýòî íå óìåíüøàåò îáùåé

íàäåæíîñòè ïîëó÷åííûõ ðåçóëüòàòîâ.
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